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We discuss the existence of periodic solutions of the system
d w xx0 t q grad F x t q g t , x t s e t .  .  .  . .  .
dt
under various asymptotic behaviours of g. Q 1997 Academic Press
1. INTRODUCTION
N  .Throughout the paper, F : R ª R N G 1 is twice continuously differ-
N N  .  .entiable; g : R = R ª R is such that g t, s s g t q 2p , s for almost
 . N  .  .all a.a. t g R, all s g R , g t, ? is continuous for a.a. t g R, g ?, s is
measurable for each s g R N, and for each r ) 0 there exists a 2p-peri-
w x 1w xodic function a : R ª R whose restriction to 0, 2p belongs to L 0, 2pr
 1.we shall say that a is in L such thatr
N < <g t , s F a t a.a. t g R, ;s g R , s F r , 1 .  .  .r
< < N   .where s is the Euclidean norm of s g R we shall say that g ?, ? is of
1 . N 1L -Caratheodory type ; and e : R ª R is 2p-periodic and is in L . Addi-Â
tional conditions on the above functions will be imposed in specific
situations later. We are concerned with the existence of a 2p-periodic
 .solution periodic solution in short of the system
d
x0 t q grad F x t q g t , x t s e t . 2 .  .  .  .  . .  .
dt
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This problem has been extensively studied, mostly when N s 1. Then one
condition often imposed is
< <'d ) 0 such that sg t , s G 0, a.a. t , ; s G d. 3 .  .
The beginning of this study of Lienard's equation can perhaps be at-Â
w x  . < < 2tributed to A. C. Lazer's works 9, 10 which treat the case F s s c s
where c is a constant and g is independent of t. Under the same
 .assumption 3 together with some restriction on the growth of g when
s ª "`, the work of Lazer has been generalized in many directions; cf.,
w x  .e.g., 13, 17, 14]16, 18 and their reference lists. The condition dual to 3 ,
< <'d ) 0 s.t. sg t , s F 0, a.a. t , ; s G d , 4 .  .
w xhas also been considered; cf. e.g., 13, 17 where g is independent of t.
 .  .Many other works deal with conditions different from 3 and 4 , e.g.,
w xinvolving F; cf., e.g., 1, 2 . The case N ) 1 has been studied far less often;
w x  .we mention, e.g., 9, 13 where a modification of condition 3 is intro-
w xduced. No proof is indicated for N ) 1 in 9 . It might be appropriate to
mention here that, as it seems to us, a significant difficulty in attempting to
adapt methods in the literature devised for the case N s 1 to the case
N ) 1 is that if, for the sake of simplicity, we assume that g is independent
N N   ..of t, then for a continuous function x : R ª R , g x t / 0 ; t is
2p   ..incompatible with H g x t dt s 0 when N s 1 but when N ) 1 the0
above incompatibility no longer holds in general as can be seen by simple
examples.
 .In this paper we shall show that when N ) 1, 4 can be strengthened
 .slightly to guarantee the existence of a periodic solution of 2 . Modifying
 .condition 3 for N ) 1 seems more difficult. Without the strengthened
 .version of 4 , we only succeed when the equation has appropriate symme-
tries; cf. Theorems 3 and 4 below.
To conclude, we mention that results involving the periodic FucikÏ
spectrum instead of the eigenvalues as in the papers already cited have
w xalso been obtained; cf., e.g., 8 and its reference list. Furthermore, if
 .  .  .  . NF s s 0 and g t, s s grad G t, s where G t, s : R = R ª R thens
variational methods can be applied and results involving the asymptotic
 . w xbehavior of G t, s are obtained; cf. 4, 7, 6, 5, 11, 3 , and their reference
lists.
2. NOTATIONS AND TERMINOLOGY
 : < <? , ? and ? are respectively the inner product and the Euclidean
N N w xnorm in R . If g : R ª R is 2p-periodic and its restriction to 0, 2p
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pw x. pbelongs to L 0, 2p , p G 1, then we say that g is in L and let
1rp1 2p 2p p
< <g [ g t dt , g [ g t dt . .  .H p H /2p 0 0
If g is bounded, then
< <g s sup t g R g t . 4 .`
3. THE RESULTS
wWe shall need the following result established by Mawhin 12, Theorem
x4; 13, Lemma 2 .
N N N   ..LEMMA 1. Suppose that q : R = R = R = R ª R , t, j , z , l ª
 . Nq t, j , z ; l with t g R, j , z g R , l g R, is 2p-periodic in the first ¨ariable
and L1-Caratheodory. Suppose also that there exists a constant c independentÂ
 x Nof l g 0, 1 such that for e¨ery possible 2p-periodic solution x : R ª R of
the system
x0 s lq t , x , x9; l , l g 0, 1 , 5 .   .
we ha¨e
< < < <x q x9 - c,` `
 .and that for some r ) c the Brouwer degree d Q , B , 0 exists and is not zero0 r
N < < < 4where B s a g R a - r , B is the closure of B , andr r r
1 2pNQ : B ª R , Q a s q t , a, 0; 0 dt. 6 .  .  .H0 r 0 2p 0
Then the system
x0 s q t , x , x9; 1 7 .  .
has a 2p-periodic solution.
w xNote. This result is proved in 12 when q is continuous in all variables.
It is not difficult to see that it remains valid under the conditions given
above.
We now prove a kind of universal estimate for periodic solutions valid
for all N G 1 under a very mild restriction on g.
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LEMMA 2. Suppose that there exists a constant d ) 0 such that
< < :g t , s , s F 0 a.a. t g R, ; s G d. 8 .  .
Consider the family of Lienard systemsÂ
d
x0 q l grad F x q lg t , x s le t , 0 - l F 1, N G 1. 9 .  .  .  .
dt
 < < < < .Then gi¨ en any « ) 0 there exists a positi¨ e constant K « , a , e indepen-1 1d
 xdent of l g 0, 1 such that
< < < < < < < <x9 F « x q K « , a , e , 10 . .2 1 1d
 .  . < < 1for any solution x ? of 9 , where, it might be recalled, a is the L -norm of1d
 .  . w xthe function a in¨ol¨ ed in 1 and x is the a¨erage ¨alue of x ? on 0, 2p .d
 . w xNote. An estimate similar to 10 is obtained in 13 when g is indepen-
 <  . < < <.  .  . 2dent of t, lim g s r s s 0 instead of 8 , and e ? g L .< s < ª`
Proof. We define a function g : R = R N ª R N as
< <¡g t , s s g t , s if s G d .  .
< <s d~ < < 11g t , s s g t , s if 0 - s - d  . .  /< <d s¢g t , 0 s 0 ; t g R .
and let
h t , s s g t , s y g t , s . 12 .  .  .  .
Then it is not hard to verify that
N :g t , s , s F 0, h t , s F 2 a t , a.a. t g R, ;s g R . 13 .  .  .  .d
 .  .In 9 replacing g by g q h, taking the inner product with x t , and
w x  .integrating over 0, 2p we obtain, because of the periodicity of x t ,
2p 2p 2p2  :  :x9 t dt y l g t , x , x dt y l h t , x , x dt .  .  .H H H
0 0 0
2p :s yl e t , x dt. 14 .  .H
0
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 .Taking into account 13 we have
2p 2p2  :x9 t dt F l h t , x y e t , x q x dt .  .  . ÄH H
0 0
2p
< <F 2 a t q e t x q x t dt , 15 .  .  .  . .Ä .H d
0
 .  .where x ? s x q x ? . NowÄ
2p
< < < < < <2 a t q e t x t dt F x 2 a q e .  .  .  .Ä Ä .H ` 1 1d d
0
3 p 22< < < < < <F x q 2 a q e .Ä ` 1 1dp 12
1 p 22< < < < < <F x9 q 2 a q e 16 . .2 1 1d2 12
in view of Sobolev's inequality
p p2 2 2< < < < < <x F x9 s x9 .Ä Ä` 2 26 6
On the other hand
2p
< < < < < < < <2 a t q e t x dt s x 2 a q e .  .  . .H 1 1d d
0
« 2 1 22< < < < < <F x q 2 a q e . 17 . .1 1d22 2«
 .  .  .From 15 , 16 , and 17 we obtain
< < < < < < < <x9 F « x q K « , a , e , .2 1 1d
where
1r2p 1
< < < < < < < <K « , a , e s q 2 a q e . .  .1 1 1 1d d2 /6 «
 .We now sketch the proof of the existence of a periodic solution of 2
 .when N s 1 and condition 4 is satisfied. This result has been proved in
w x17, Theorem 3 where the a priori estimates used are derived by using the
2  .Green function of x0 y m x m ) 0 with periodic boundary conditions. It
w x  .is also included in 13, Theorem 1 with the additional condition g s rs ª 0
< <as s ª `. Our proof uses the estimate obtained in Lemma 2 above, i.e.,
 . < <uses neither Green's function nor g s rs ª 0 as s ª `. Nevertheless our
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main purpose is to exhibit by means of the proof the essential difficulty, as
appeared to us, encountered in attempting to adapt methods devised for
scalar equations to systems.
 .THEOREM 1. Consider Eq. 2 for N s 1. Suppose that e s
 . 2p  .  .  .1r2p H e t dt s 0 and condition 4 is satisfied: 'd ) 0 s.t. g t, s s F 00
< <  .a.a. t g R, ; s G d. Then Eq. 2 has a 2p-periodic solution.
 .  .  2 2 .  .Proof. From 9 , with f s s d rds F s , s g R,
x0 q l f x x9 q lg t , x s le t , 0 - l F 1, .  .  .
we obtain for all periodic solutions
2p
g t , x t dt s 0. 18 .  . .H
0
It suffices to prove the theorem assuming the following stronger condition
 .than 4 ,
< <'d ) 0 s.t. g t , s s - 0 a.a. t g R, ; s G d 19 .  .
because we can then use a perturbation argument to show that the
 . wtheorem holds true under condition 4 ; we refer the reader to 13,
x  .Remark 1, p. 26 for details. We claim that for every periodic solution x ?
 .of 9 there is t g R such that
x t - d. 20 .  .
<  . <  .   ..In fact, if x t G d ; t g R, then either x t G d and g t, x t - 0 a.a.
 .   ..  .t g R or x t F yd and g t, x t ) 0 a.a. t g R contradicting 18 . By
 .  . .1r2Sobolev's inequality we obtain from 10 with « s 1r2 6rp
1r2p 1
< < < < < <x F x9 F x q c 21 .Ä Ä` 2 1 /6 2
 .  .for every solution x ? of 9 where c ) 0 is a constant independent of1
 x  .  .l g 0, 1 . Then because x t s x q x tÄ
1
< < < < < <x t G x y x G x y c ; t g R. 22 .  .Ä ` 12
 .  .From 20 and 22 we obtain
< < w xx F 2 c q d ;l g 0, 1 . 23 .  .1
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 .  .  xUsing 23 and 21 we then obtain bounds independent of l g 0, 1 for
< < < <  .x and x9 for every periodic solution of 9 . Please see the proof of` `
 .Theorem 2 below for details. Condition 19 is used to show that
 .  .d Q , B , 0 s 1 where Q is defined by 6 , B is the open interval0 r 0 r
yr - s - r of R, r ) d arbitrary and
q t , j , z ; l s yf j z y g t , j q e t , t , j , z g R, 0 - l F 1. .  .  .  .
The claim then follows from Lemma 1.
 .From the above proof we see that estimate 20 is crucial in obtaining,
 .  .  .  .via 23 , bounds for solutions of 9 . Estimate 20 follows from 18 and
 .19 when N s 1 but when N ) 1 that does not seem true any longer: Let
  ..   < <.. .  .for r g R, g t, s , s s y1r 1 q s s , s ; t, s , s g R, x t s1 2 1 2 1 2
 .  . < <r cos t, sin t . For the components g of g, s g s - 0, ; s ) 0, i s 1, 2.i i i i
2p   .. <  . < < <H g x t dt s 0, yet x t ' r can be as large as desired. In papers0
 .dealing with the case N s 1, estimate 20 , obtained from an equation
 .similar to 18 in the manner described in the proof above, is used to
 .  .obtain necessary estimates for solutions of 9 whether condition 19 or its
 . < < wdual where g t, s s ) 0 a.a. t, ; s ) d is assumed; cf. 13, Proof of
xTheorem 1; 15, Proof of Theorem 1; 17, Proofs of Theorems 1 and 3 . Thus
methods devised for the case N s 1 in those papers do not seem to work
when N ) 1.
 .  .Without relying on 20 , we shall show that when N ) 1, condition 4
can be strengthened slightly to guarantee a periodic solution of the sys-
 .tem 2 .
 .THEOREM 2. Consider the system 2 for N ) 1. Suppose that e s
2p  .  .H e t dt s 0, 8 of Lemma 2 is satisfied, and0
 :g t , s , s .
b t [ lim sup uniformly a.a. t g R. 24 .  .
< <s< <s ª`
 . 1  .Suppose also that b ? g L , b t F 0 a.a. t, and the set
0 F t F 2p b t - 0 4 .
 .has positi¨ e measure. Then the system 2 has a 2p-periodic solution.
 .Proof. It is not difficult to see that 22 in the proof of Theorem 1 is
valid for all N G 1: ' contain c ) 0 such that for every periodic solution1
 .  . x ? of 9 we have from here on c , i s 1, 2, . . . , denotes a positi¨ e constanti
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 x .independent of l g 0, 1 and not always the same
1
< <x t G x y c ; t g R, 0 - l F 1. 25 .  .12
We now claim that ' constant c ) 0 such that for every periodic solution2
 .  .x ? of 9
< <x F c , 0 - l F 1. 26 .2
 .Suppose by contradiction that 26 is false, i.e., that there exists a sequence
 4ns`  x  .  .l in 0, 1 and 2p-periodic solution x ? of 9 with l s l such thatn ns1 n n
< <  .x ª ` as n ª `. Then from 25 we haven
x t ª ` as n ª `, uniformly in t . 27 .  .n
2p  .  .Because H e t dt s 0, by taking the product of 90
d
x0 q l grad F x q lg t , x s le t , 0 - l F 1, .  .  .
dt
N .  . w xwith x t s x q x t in R and integrating over 0, 2p we obtain for eachÄ
n s 1, 2, . . .
2p 2p : :0 F g t , x t , x t dt y e t , x t dt. 28 .  .  .  .  . . ÄH Hn n n
0 0
 .  .  .Because of 24 and 27 , given « ) 0 we can find a positive integer n «0
s.t.
 :n G n « « g t , x t , x t F b t q « x t , a.a. t g R. .  .  .  .  . .0 n n n
29 .
 .  .It follows from 28 and 29 that for all large n
2p
0 F min x t b t dt .  .Hn
0FtF2p 0
q 2p« x ? q e ? x ? . 30 .  .  .  .Ä1n n` `
 .From 25 we have
12p 2p
< <min x t b t dt F x b t dt q c . 31 .  .  .  .H Hn n 320FtF2p 0 0
 .On the other hand from 10 and Sobolev's inequality we obtain
1r2 1r2p p
X< < < < < <x F x F « x q c . 32 .Ä Ä` 2n n n 4 /  /6 6
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and hence
1r2p
< < < <x F 1 q « x q c . 33 .`n n 4 /6
 .  .  .  .From 30 , 31 , 32 , and 33 we deduce that for all large n
1 2p
< <0 F x b t dt .Hn2 0
1r2 1r2p p
< < < <q 2p« 1 q « q e « x q c . 34 .1 n 5 /  / 56 6
2p< <  .Since x ª ` as n ª ` and H b t dt - 0, by taking « ) 0 sufficientlyn 0
 .  .small in 34 we arrive at a contradiction and 26 is proved.
 .  .It follows from 26 and the universal estimate 10 of Lemma 2 that
 .  .'c ) 0 such that for every solution x ? of 96
< <x9 F c , 0 - l F 1. 35 .Ä 2 6
We then have by Sobolev's inequality
1r2p
< <x F c , 0 - l F 1. 36 .Ä ` 6 /6
 .This in conjunction with 26 gives
< < < < < <x F x q x F c , 0 - l F 1 37 .Ä` ` 7
 .for some constant c ) 0. Taking the ith component of system 9 we7
obtain
n 2­ F
Y Xx q l x t x q lg t , x t s le t , i s 1, . . . , N. .  .  . .  .i j i i­ s ­ sj ijs1
38 .
 . 2  .  .  .Because F ? g C , from 35 , 37 , 38 , and the fact that g is of
1  .L -Caratheodory type, i.e., 1 is valid, it follows thatÂ
< Y <x F c , 0 - l F 1, 1 F i F N. 39 .1i 8
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 .  . X .Since x ? is a 2p-periodic, scalar function, 't g 0, 2p such that x ti i i i
 .s 0. We then deduce from 39 that
< X <x F 2p c , 0 - l F 1, 1 F i F N ,`i 8
i.e.,
< <x9 F c , 0 - l F 1. 40 .` 9
 .  .In view of 37 and 40 the theorem is obtained by applying Lemma 1
provided we can show that
d Q , B , 0 / 0 .0 r
for some ball B in R N wherer
y1 2p NQ a s g t , a dt , a g R . .  .H0 2p 0
 .  .In fact, it suffices to put 9 under the form 5 of Lemma 1 with
d
q t , x , x9; l ' y grad F x y g t , x q e t , .  .  .  .
dt
for t g R, 0 - l F 1. Now let
yb y1 2p
« s s b t dt ) 0. .H1 2 4p 0
 .Because of 24 , ' r ) 0, s.t.1
< < < < :s G r « g t , s , s F b t q « s . 41 .  .  .1 1
 .  .Take r ) r q c q c where c and c come from 37 and 40 , respec-1 7 9 7 9
 . N < <tively. Because of 41 we have for all a g R , a s r,
y1 12p 2p
< < : :Q a , a s g t , a , a dt G y b t dt q « a .  .  .H H0 12p 2p0 0
b
< <s y a ) 0.
2
Then a simple homotopy gives
d Q , B , 0 s d I , B , 0 s 1, .  .0 r r
Nwhere I is the identity mapping in R .
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 .  .For N ) 1, without condition 8 as strengthened by 24 we have not in
general succeeded in proving the existence of a periodic solution of the
 .  .system 2 assuming, e.g., a condition like 3 . This we have only managed
to do when the system has appropriate symmetries.
 .  .THEOREM 3. Suppose that F, g, and e are all odd: F ys s yF s ,
 .  .  .  . Ng yt, ys s yg t, s , e yt s ye t , a.a. t g R, ;s g R . Suppose also
 .that there exists a measurable 2p-periodic, odd function G : R ª R, G t F 1
  . 4a.a. t g R and the set 0 F t F 2p ¬ G t - 1 has positi¨ e measure such that
 :g t , s , s .
lim sup F G t uniformly a.a. t g R. 42 .  .2< <s< <s ª`
 .Then the system 2 has a periodic, odd solution.
1 .Proof. Note that without loss of generality we can assume that G t G 2
w xa.a. t g R. We seek to apply Theorem 6 of 12 . Accordingly we introduce
the homotopic family of systems
d
x0 q l grad F x q lg t , x s le t , 0 F l F 1, 43 .  .  .  .
dt
 .  .and it suffices to show that for all odd, periodic solutions x ? of 43
< < < X <x q x F c , 0 F l F 1, 44 .` ` 10
for some constant c independent of l.10
w xNoting that the average value over 0, 2p of an odd, 2p-periodic
function is equal to 0, it can be proved using a familiar compactness
 .argument that under the stated assumptions on G ? there exists a constant
d ) 0 such that for all absolutely continuous, odd, 2p-periodic functions
 .  . 2x ? whose derivative x9 ? belongs to L we have
2p 2 2 2< <x9 t y G t x t dt G d x9 45 .  .  .  . 4H 2
0
 w x.cf., e.g., 15, Lemma 1 .
 .By 42 we can choose r ) 0 sufficiently large so that
d 2< < < < :s G r « g t , s , s F G t q s a.a. t g R. 46 .  .  . /2
 .  .Then for the function g ?, ? defined in 11 with r replacing d it is not
 .difficult to verify using 46 that
d 2 N< < :g t , s , s F G t q s a.a. t g R, ;s g R . 47 .  .  . /2
NGUYEN PHUONG CACÂ230
 .  .  .With h t, s s g t, s y g t, s we have
h t , s F 2 a t a.a. t g R, 48 .  .  .r
 . 1where a ? g L is the function involved in the Caratheodory property ofÂr
 .  .  .  .g ?, ? in 1 . Taking the inner product of 43 with x t and integrating
w xover 0, 2p give
2p 2 2
x9 t y lG t x t dt .  .  . 4H
0
2p 2  :s l yG t x t q g t , x t , x t dt .  .  .  . . 4H
0
2p :q l h t , x t y e t , x t dt . .  .  . .H
0
 .  .  .From 45 , 47 , 48 , and Wirtinger's inequality we then have for any odd
 .  .periodic solution x ? of 43 and 0 F l F 1,
d2 2< < < < < < < < < <d x9 F x9 q 2 a q e x . .2 2 1 1 `r2
Using the Sobolev inequality we deduce
1r22 p
< < < < < <x9 F 2 a q e 49 . .2 1 1r /d 6
and
p
< < < < < <x F 2 a q e . 50 . .` 1 1r3d
 .  .For any component x ? , i s 1, . . . , N, of x ? we havei
N 2­ F
Y Xx t q l x x q lg t , x s le t . .  .  .  .i j i j­ s ­ sj ijs1
 .  .From 49 and 50 we deduce
< Y <x F c , i s 1, 2, . . . , N 51 .1i 11
w xfor a constant c independent of l g 0, 1 for any odd periodic solution11
 .  .  .x ? of 43 . Because x ? is periodic, for each i s 1, . . . , N,i
w x X't g 0, 2p s.t. x t s 0. 52 .  .i i i
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 .  . < X < w xFrom 51 and 52 we obtain bounds for x independent of l g 0, 1`i
for each i s 1, 2, . . . , N. Hence
< X <x - c , 0 F l F 1 53 .` 12
 .for some constant c . Thus 44 is established and the theorem is proved.12
Similar to Theorem 3 we have
 .  .THEOREM 4. Suppose that F, g, and e are such that F ys s F s ,
 .  .  .  . Ng t q p , ys s yg t, s , e t q p s ye t , a.a. t g R, s g R . Suppose
 .also that there exists a measurable 2p-periodic function G : R ª R, G t q p
 .  .s yG t , G t F 1 a.a. t g R and
meas 0 F t F 2p G t - 1 ) 0 4 .
such that
 :g t , s , s .
lim sup F G t uniformly a.a. t g R. .2< <s< <s ª`
 .  .Then the system 2 has a 2p-periodic solution x ? such that
x t q p s yx t ; t g R. .  .
Proof. The proof is the same as for Theorem 3, using Theorem 5 of
w x12 .
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